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abstract
We study the role of higher derivative terms (Riemann curvature squared
ones) in thermodynamics of SCFTs via AdS/CFT correspondence. Using
IIB string effective action (d5 AdS gravity) with such HD terms deduced
from heterotic string via duality we calculate strong coupling limit of N = 2
SCFT free energy with the account of next to leading term in large N ex-
pansion. It is compared with perturbative result following from boundary
QFT. Considering modification of such action where HD terms form Weyl
squared tensor we found (strong coupling limit) free energy in such theory.
It is interesting that leading and next to leading term of large N expanded
free energy may differ only by factor 3/4 if compare with perturbative result.
Considering HD gravity as bosonic sector of some (compactified) HD super-
gravity we suggest new version of AdS/CFT conjecture and successfully test
it on the level of free energies for N = 2, 4 SCFTs.
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1. AdS/CFT correspondence [1] (for an excellent review, see [2]) may provide
new insights to strong coupling regions of SUSY QFTs. One example of this
sort is given by strong coupling limit of N = 4 super YM theory free energy
[3, 4] which differs by factor 3/4 with perturbative result (boundary QFT)
in the leading order of 1/N expansion3. It is quite interesting to understand
what happens in the next order of 1/N expansion. Clearly that such analysis
should be related with higher derivatives (HD) terms on SG side. In more
general framework HD terms may help in better understanding of AdS/CFT
correspondence or even in formulation of new versions of bulk/boundary
conjecture.
That is the purpose of present work to study the role of HD terms in bulk
action in AdS/CFT correspondence. In the next two sections we find strong
coupling limit of N = 2 SCFT free energy and compare it with perturbative
result up to the terms of next to leading order. HD terms are chosen in
Riemann curvature squared form or in Weyl tensor squared form. The metric
of effective five-dimensional gravity is BH in AdS background. In the last
section we suggest new HD AdS/CFT conjecture. We show that it works well
on the level of comparison of free energies for SCFTs (or trace anomalies) if
bulk sector is described by some HD (super)gravity.
2.The trace anomaly of d = 4, N = 2 and N = 4 SCFTs (bulk side cal-
culation) has been found up to next to leading order in the 1/N expansion
in refs. [7, 8]. Even in next to leading order term it coincides with QFT
result (for gravity side derivation of trace anomaly, mainly in N = 4 super
YM case, see also refs.[9, 10]). The N = 2 theory with the gauge group
Sp(N) arises as the low-energy theory on the world volume on N D3-branes
sitting inside 8 D7-branes at an O7-plane [11]. The string theory dual to
this theory has been conjectured to be type IIB string theory on AdS5×X5
where X5 = S
5/Z2 [12], whose low energy effective action is given by
4 (see
3Thermodynamics of N = 4 super YM theory in relation with AdS/CFT correspon-
dence has been discussed in numerous works[5, 6].
4 The conventions of curvatures are given by
R = gµνRµν , Rµν = −Γλµλ,ν + Γλµν,λ − ΓηµλΓλνη + ΓηµνΓλλη
Rλµνκ = Γ
λ
µκ,ν − Γλµν,κ + ΓηµκΓλνη − ΓηµνΓλκη , Γηµλ =
1
2
gην (gµν,λ + gλν,µ − gµλ,ν) .
2
the corresponding derivation in ref.[7]).
S =
∫
d5x
√
g
{
N2
4π2
(R + 12) +
6N
24 · 16π2RµνρσR
µνρσ
}
. (1)
The overall factor of the action is different by 1
2
from that of the action which
corresponds to N = 4 SU(N) gauge theory. The latter action is given by
type IIB (compactified) string theory on AdS5 × S5. The factor 12 comes
from the fact that the volume of X5 = S5/Z2 is half of S
5 due to Z2. Note
that Riemann curvature squared term in the above bulk action is deduced
from heterotic string via heterotic-type I duality [13] (dilaton is assumed to
be constant).
Then the equations of motion have the following form:
0 = − c
2
gζξ
(
RµνρσR
µνρσ +
1
κ2
R− Λ
)
+ cRζµνρR
µνρ
ξ +
1
κ2
Rζξ− 4cDνDµRµ νζ ξ .
(2)
Here
1
κ2
=
N2
4π2
, c =
6N
24 · 16π2 , Λ = −
12
κ2
= −12N
2
4π2
. (3)
We now treat the next-to-leading term of order N as perturbation of order
N2 terms. In the leading order, a solution is given by
ds2 = gµνdx
µdxν = −e2ρdt2+e−2ρdr2+ r2
3∑
i=1
(
dxi
)2
, e2ρ =
1
r2
(
−µ+ r4
)
.
(4)
In the metric (4), we find
DνDµR
µ
ζ
ν
ξ
= 0 , RµνρσR
µνρσ =
(
40 +
72µ2
r8
)
. (5)
Then the metric is modified by
ds2 = gµνdx
µdxν = −e2ρdt2 + e−2ρdr2 + r2
3∑
i=1
(
dxi
)2
e2ρ =
1
r2
{
−µ +
(
1 +
2
3
ǫ
)
r4 + 2ǫ
µ2
r4
}
, ǫ ≡ cκ2 = 1
16N
. (6)
3
Then the radius rh of the horizon and the temperature T are given by
rh ≡ µ 14
(
1− 2
3
ǫ
)
, T =
µ
1
4
π
(1− 2ǫ) = µ
1
4
π
(
1− 1
8N
)
. (7)
We now consider the thermodynamical quantities like free energy. After
Wick-rotating the time variables by t→ iτ , the free energy F can be obtained
from the action S in (1) where the classical solution is substituted:
F =
1
T
S . (8)
Using (2), (3) and (6), we find
S =
N2
4π2
∫
d5x
√
g
{
8− 2ǫ
3
(
40 +
72µ2
r8
)}
=
N2V3
4π2T
∫ ∞
rh
drr3
{
8− 2ǫ
3
(
40 +
72µ2
r8
)}
. (9)
Here V3 is the volume of 3d flat space and we assume τ has a period of
1
T
.
The expression of S contains the divergence coming from large r. In order
to subtract the divergence, we regularize S in (9) by cutting off the integral
at a large radius rmax and subtracting the solution with µ = 0:
Sreg =
N2V3
4π2T
(∫ ∞
rh
drr3
{
8− 2ǫ
3
(
40 +
72µ2
r8
)}
−eρ(r=rmax)−ρ(r=rmax;µ=0)
∫ rmax
0
drr3
){
8− 80ǫ
3
}
. (10)
The factor eρ(r=rmax)−ρ(r=rmax;µ=0) is chosen so that the proper length of the
circle which corresponds to the period 1
T
in the Euclidean time at r = rmax
coincides with each other in the two solutions. Then we find
F = −N
2V3 (πT )
4
4π2
(
1 +
3
4N
)
. (11)
The entropy S and the mass (energy) E are given by
S = −dF
dT
=
N2V3 (πT )
4
π2T
(
1 +
3
4N
)
E = F + TS = 3N
2V3 (πT )
4
4π2
(
1 +
3
4N
)
. (12)
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We now compare the above results with those of field theory of N = 2
Sp(N) gauge theory. N = 2 theory contains nV = 2N2 + N vector mul-
tiplet and nH = 2N
2 + 7N − 1 hypermultiplet [7]. Vector multiplet con-
sists of two Weyl fermions, one complex scalar and one real vector what
gives 4 bosonic (fermionic) degrees of freedom on shell and hypermultiplet
contains two complex scalars and two Weyl fermions, what also gives 4
bosonic (fermionic) degrees of freedom on shell [14]. Therefore there ap-
pear 4 × (nV + nH) = 16
(
N2 + 2N − 1
4
)
boson-fermion pairs. In the limit
which we consider, the interaction between the particles can be neglected.
The contribution to the free energy from one boson-fermion pair in the space
with the volume V3 can be easily estimated [3, 4]. Each pair gives a contri-
bution to the free energy of pi
2V3T
4
48
. Therefore the total free energy F should
be
F = −π
2V3N
2T 4
3
(
1 +
2
N
− 1
4N2
)
. (13)
Comparing (13) with (11), there is the difference of factor 4
3
in the leading
order of 1/N as observed in [3, 4].
Hence, we calculated strong coupling limit of free energy in N = 2 SCFT
from SG side up to next to leading order term (it was generated by Riemann
curvature squared term). Its weak coupling limit (13) obtained from QFT
side cannot be presented as strong coupling limit free energy multiplied to
some constant. This only holds for leading order terms where mismatch
multiplier is 3/4. The next to leading term in (13) should be multiplied to
9/32 in order to produce the corresponding term in (11). We have to pay
attention once more that the main role in whole above analysis was played
by Riemann curvature squared term. In the section 4 we try to understand
the role of HD terms in AdS/CFT correspondence from the different point
of view.
3. We now consider the case where the action is given by the sum of Einstein
term and the square of the Weyl tensor CµνρσC
µνρσ5
S = −
∫
d5x
√−G
{
1
κ2
R − Λ + c˜CµνρσCµνρσ
}
. (14)
5 We thank A. Tseytlin for suggestion to write this section. His motivation was that
the case with R2 combination as C2 does not make modification of original AdS5 × S5
solution as it already happened with C4 correction [4].
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In five dimensions, the square of the Weyl tensor is given by
CµνρσC
µνρσ =
1
6
R2 − 4
3
RµνR
µν +RµνρσR
µνρσ . (15)
The Weyl tensor term does not contribute to the radius L of AdS5. By using
the equation of motion, we find
0 = − 3
2κ2
R− 1
2
c˜CµνρσC
µνρσ +
5
2
Λ . (16)
By using (16), we can delete R in (14) and obtain
S = −
∫
d5x
√−G
{
2
3
Λ +
2
3
c˜CµνρσC
µνρσ
}
. (17)
Since the square of the Weyl tensor is given by
CµνρσC
µνρσ =
72µ2
r8
(18)
for the leading solution, which is given by
e2ρ =
µ
r2
(
r4
r40
− 1
)
, r40 ≡ −
12µ
κ2Λ
, (19)
we find
S =
∫
d5x
√
g
{
2
3
Λ + 48c˜
µ2
r8
}
. (20)
The horizon radius and the temperature are given by
rh ≡ r0
(
1− 1
2
ǫ
)
, T = −κ
2Λr0
12π
(
1− 5
2
ǫ
)
, ǫ ≡ − c˜Λκ
4
12
. (21)
Then by regularizing the action (20) as in (10), we find
Sreg =
N2V3
4π2T
(∫ ∞
rh
drr3
{
2
3
Λ + 48c˜
µ2
r8
}
−eρ(r=rmax)−ρ(r=rmax;µ=0)
∫ rmax
0
drr3
(
2
3
Λ
))
=
V3
T
(
− Λ
12
)−3 (πT )4
κ8
(
1 + 18ǫ+O
(
ǫ2
))
(22)
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Remarkably the above result coincides with that of the simplified procedure,
where the correction is evaluated by substituting the leading solution into
the correction term, the square of the Weyl tensor, in the action (14):
SW 2 = −c˜
∫
d5x
√−GCµνρσCµνρσ
=
N2V3
4π2T
∫ ∞
r0
drr3
(
72c˜
µ2
r8
)
=
V3
T
(
− Λ
12
)−3 18ǫ (πT )4
κ8
+O
(
ǫ2
)
. (23)
Therefore we obtain the following thermodynamical quantities;
F = −V3
(
− Λ
12
)−3 (πT )4
κ8
(1 + 18ǫ) , S = 4V3
(
− Λ
12
)−3 (πT )4
Tκ8
(1 + 18ǫ) ,
E = 3V3
(
− Λ
12
)−3 (πT )4
κ8
(1 + 18ǫ) . (24)
Choosing κ and Λ as in (3), above action may be considered as another
modification of string action of the same sort as (1). With it we obtain
F = −N
2V3 (πT )
4
4π2
(
1 +
18 · 4π2c˜
N2
)
, S = 4N
2V3 (πT )
4
4π2T
(
1 +
18 · 4π2c˜
N2
)
,
E =
3N2V3 (πT )
4
4π2
(
1 +
18 · 4π2c˜
N2
)
. (25)
Therefore if we further choose c˜ by6
c˜ =
N
9 · 4π2 , (26)
the strong coupling limit free energy in (13) can be reproduced including the
next-to-leading order term with the common overall factor 3
4
.
6 Note that such choice of c˜ is not justified by string considerations. Actually, string
theory indicates that c˜ should coincide with c from Eq.(1). However, there are arguments
that additional stringy corrections (for example, from antisymmetric tensor field) may
appear.
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4. Instead of (1), we can consider more general action of R2 gravity:
S = −
∫
d5x
√−G
{
aR2 + bRµνR
µν + cRµνρσR
µνρσ +
1
κ2
R− Λ
}
. (27)
One can imagine that this is bosonic sector of some HD multidimensional
(probably compactified to AdS) SG. It was already shown [8] that such bulk
theory may correctly reproduce trace anomaly of N = 4 super YM theory.
We wish further check such HD AdS/CFT conjecture on the level of free
energies. Note that such theory may represent (yet unknown) resummation
of string effective action or it may directly follow from strings or M-theory.
It is known, for example, that HD quantum gravity has better UV properties
than usual Einstein gravity (see [15] for a review).
If c = 0, the equations of motion given by (27) can be solved exactly.
And as shown in [8], the anomaly of N = 4 super Yang-Mills theory can
be reproduced in case of c = 0. In the following, we consider only special
case:c = 0.
When c = 0, we can assume that the solution has the form:
ds2 = gµνdx
µdxν = −e2ρdt2+e−2ρdr2+r2
3∑
i=1
(
dxi
)2
, e2ρ =
1
r2
(
−µ+ r
4
L2
)
.
(28)
In this case, the curvature tensors become
R = −20
L2
, Rµν = − 4
L2
gµν , (29)
which tell that these curvatures are covariantly constant. Then in the equa-
tions of motion following from the action (27), the terms containing the
covariant derivatives of the curvatures vanish and the equations have the
following forms:
0 = −1
2
gζξ
{
aR2 + bRµνR
µν +
1
κ2
R− Λ
}
+ 2aRRζξ + 2bRµζR
µ
ξ +
1
κ2
Rζξ .
(30)
Then substituting Eqs.(29) into (30), we find
0 =
80a
L4
+
16b
L4
− 12
κ2L2
− Λ . (31)
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The equation (31) can be solved with respect to L2 if
144
κ4
− 16 {20a+ 4b}Λ ≥ 0 (32)
which can been found from the determinant in (31). Then we obtain
L2 = −
12
κ2
±
√
144
κ4
− 16 {20a+ 4b}Λ
2Λ
. (33)
The sign in front of the root in the above equation may be chosen to be
positive, which corresponds to the Einstein gravity (a = b = 0). With L in
(33), the horizon radius rh and the temperature T are given by
rh ≡ µ 14L 12 , T = µ
1
4
πL
3
2
. (34)
and we can find the free energy F , the entropy S and the energy E by
generalizing (11), (12):
F = −µV3
8
(
8
κ2
− 320a
L2
− 64b
L2
)
, S = µV3
2T
(
8
κ2
− 320a
L2
− 64b
L2
)
E =
3µV3
8
(
8
κ2
− 320a
L2
− 64b
L2
)
. (35)
Here we delete Λ by using (33). Note that we may also consider special case
of no Einstein term in above equations since the above expressions are not
perturbative but exact when c = 0.
We can consider the case of N = 4 super Yang-Mills theory. When
the gauge group is U(N), there are 8N2 set of the bosonic and fermionic
degrees of freedom on-shell and when SU(N), 8(N2 − 1) since one multiplet
corresponds to nV = nH = 1 in N = 2 theory and contains 8 boson (fermion)
degrees of freedom on shell. Then from the perturbative QFT its free energy
is given by,
F =

 −
pi2V3N
2T 4
6
U(N) case
−pi2V3N2T 4
6
(
1− 1
N2
)
SU(N) case
. (36)
If we assume κ2, Λ, a, and b are given by the powers of N , we find the above
free energy F can be reproduced if
κ2 =
6π2
N2
, Λ = −2N
2
π2
, 10a+ 2b =
{
0 U(N) case
1
24pi2
SU(N) case
. (37)
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As a special case, we can consider the theory without Einstein term, i.e.,
1
κ2
= 0. Then we find L2 in (33) is given by
L2 = ±2
√
20a+ 4b
−Λ . (38)
Since the − sign in (38) does not correspond to AdS but to de Sitter space,
we only consider the case of + sign. Then the free energy F in (35) has the
following form:
F = ±µV3
√
−Λ (20a+ 4b) = −4V3 (πT )
4 (10a+ 2b)2
Λ
. (39)
In the ± sign in the first line, + corresponds to negative Λ and − to positive
one since 20a+4b > 0 if Λ < 0 and 20a+4b < 0 if Λ > 0 from (32). Therefore
we can obtain the free energy in (36) if
(10a+ 2b)2
Λ
=
{
N2
24pi2
U(N) case
N2−1
24pi2
SU(N) case
. (40)
Note that Λ should be positive. In [8], it has been shown that the conformal
anomaly of N = 4 super Yang-Mills theory can be reproduced by above R2
gravity if
c = 0 ,
L3
κ2
− 40aL− 8bL = 2N
2
(4π)2
. (41)
It is remarkable that (41) can be compatible with (40) if
1
κ2
= c = 0 , 10a+ 2b = −3
1
3
2
8
3
· N
2
(4π)2
, Λ = − 3
2
3
2
16
3
· N
2
(4π)2
, (42)
in the leading order of 1
N
expansion, or U(N) case.
5. In summary, we calculated strong coupling limit for free energy of N = 2
SCFT from AdS/CFT correspondence in the next to leading order of 1/N
expansion. As bulk side we used AdS Einstein gravity with Riemann curva-
ture (or Weyl tensor) squared term. For general five-dimensional HD gravity
considered as bosonic sector of some HD (probably compactified) SG we
formulated new HD AdS/CFT conjecture which works on the level of free
10
energies for N = 4 super YM. Note also that it works for N = 2 SCFT.
Indeed, in this case the analog of eqs.(37) is given by
κ2 =
3π2
N2
, Λ = −4N
2
π2
, 10a+ 2b = −N
9π
+O(1) . (43)
Notice finally that it would be really interesting to consider the role of above
HD terms to thermodynamics of AdS/CFT correspondence in the case of
non-constant dilaton. Without HD terms the corresponding (approximate)
AdS BH solution has been found in ref.[6].
It could be of interest also to investigate the role of spatial curvature to
above analysis. Without HD terms such investigation has been presented in
refs.[16], which is much related to the study of finite gauge theories, including
N = 4 super YM theory in curved spacetime (QFT side) where curvature
squared and scalar-gravitational divergences appear, see refs.[17].
Acknoweledgements. We are very grateful to A.A. Tseytlin for participa-
tion at early stages of this work and many helpful discussions.
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